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THE ABSOLUTE AND RELATIVE BETTI NUMBERS
OF A MANIFOLD WITH BOUNDARY

GRIGORIOS TSAGAS

1. Consider a compact manifold M with a boundary B, so that M is the
closure of an open submanifold of an n-dimensional orientable Riemannian
manifold ¥, and B is a compact orientable (n — 1)-dimensional manifold. Let
H,M,R) and H,_,{(M, B), R} be respectively the pth Betti group of M and
the pth Betti group of M(mod. B). Then by Lefschetz duality theorem the pth
Betti group H,(M, R) and the (n — p)th Betti group H,_,{(M, B), R} are dual,
so that the absolute Betti number 4, and the relative Betti number R,_, of
the manifold M are equal. For a k-pinched manifold M, the numbers 4, and
R, for p = q = 2 are zero, when the number k is greater than a number 2
and the second fundamental form on B satisfies some conditions. We can
improve the number 2, when the dimension of the manifold M is 5. These re-
sults are a generalization of those given in [8].

2. If «, 8 are two tensors of the manifold M of order p, then the local inner
product of the two tensors «, 8 is defined by

1 (ALLE 2 1 qpered
(@, B) = ﬁ“ By = ’I‘)Tair“ipﬁ ?,
and.the local norm of the tensor a is defined by
laf = L‘a“‘"iz’a.

{pesvip

If yis the volume element of the manifold M, then the global inner product of the
two tensors «, 8 and the global norm of the tensor « are defined, respectively,

= f@m, faf= flafr.
If « is a p-form, then we have [6, p. 187]
2.1 {de, ey = ||decl? + ||oc|f »
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where da,da and da are the Laplacian, the exterior differentiation and the
codifferentiation of « given by [7, pp. 1-2]

2.2) Ao = doa + dde
| R
(2.3) (da)j...jpu, = Feé'zll---jl’er;Vlaip--ip ,
(24) (6(1')1'2...1'1, = "‘VLC(L,;T..,;p .
The following relation is also valid [7, p. 4]:
1 1
2.5 ~—Aap) = (a, da) — |Paf + —— ™ ,
(2.5) 5 (aP) = (a, da) — [P + 5o = D] Q ()
where
(2.6) Paf = L Py, Plabiv
p! i

Q2.7 Qp(a) = — I)Rumaim...ipanziamip _ ZRhL(XM""i”aliz.--ip .

For a point P on the boundary B, let (i, - - -, u®™!) and (¢!, - - -, ¥") be two
local coordinate systems of the point P considered as a point of B and M re-
spectively. Then the boundary B is represented locally by

2.8) V= G, e u Yy, d=1, e,

in U(P) N M, where U(P) is a coordinate neighborhood of V. Denote by N
the normal vector field of the boundary B and choose the coordinate system
(', - - -, u™"Y) such that the vector fields N,3/au', - - -, 3/3u™"" form a positive
sense of M with respect to the basis 9/ou', - - -, 3/ou™. Then Stokes’ theorem
can be stated as follows. If y = (7,) is an arbitrary vector field on M, then [9,
p. 589]

(2.9 f(r, Ny = —férv )

where
72‘: ,\/—ﬁ_dul/\ e /\du"_l,']]z »\/?d’vl/\ e /\d,vn,

h being the determinant of the metric on the boundary B, which is obtained
under the assumption that the mapping F defined by (2.8) is an isometric im-
mersion of M into B.

A p-form & = (a,,...;,) is tangential to B if it satisfies the relation [10, p. 431]:

10eeip
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alvi = (vt [ouh) .. (Bvir/duwr)aivir
or
ot isN, = 0,

on B, where @ = (&,,...;,) is a p-form defined over B. The p-form a satisfies
also the relation [10, p. 434]:

(2 10) (Vlahig-.-ip)ahizn.ile = pHijaiiZ“.ipajiz-"ip
. — @+ 1)(V[zahi2.--ip])01liz"'i”Nh s

where
@ + Dlnaniy.ipy = Vitthigesp — Vatisyes,,
— VigahLig---ip _ -—Vipahiz"'ip—]_l .

A p-form @ = («;,...;,) on the manifold M is normal to the boundary B, if
it satisfies the relation [10, p. 432]:

Qs OV [OUY) « -« (OVPP[OU'P) = O,
from which we obtain [10, p. 435]

(Vhalig“"ip)al'iﬂ"‘ipNh = p(Vhah'iz"~ip)ali2".ile

(2.11) s . .
+ .le,laiz.”ipazg-.-zp _ (p _ 1)pHijalis.“ipc—(]zg..-1p R

where @ = (@,,...;,) is a (p — 1)-form defined by

geeeip

afLiz...,-le = c_t'jz...jp(a'vh/aui’) et (avjl’/auip) .

3. Assume that the manifold M is of odd dimension » = 2m 4+ 1 and
admits a metric which is positively k-pinched, and let & be a harmonic 2-form
on the manifold M. Then for any point P of the manifold there is a special
basis (X¥, - -+, X¥) in the vector space M$ such that at the point P, « can be
written as

B a=ap XFNXF+ aXFNXF+ - + aZm—l,ZmX?;n-l N X .
Now consider the 2m-form 3 defined by

(3.2) B=-—Lan . Aa (mtimes)
mi!

which becomes, in consequence of (3.1),

3.3) B = apay - 0‘zm—1,sz;k FASERRIVAN Xz’rkm_'



288 GRIGORIOS TSAGAS

Since the manifold M is k-pinched, Q,(«) and Q,,,(8) satisfy the inequalities [8]:

(3.4) 504 < —2@m — Dklaf + 501 — K3,
1 ;
3.5 —_ = Q0,8 < —2mk|B]?,
(3.5) sy 2B <i—2mk
where
(3.6) e[t ah + g+ -+ agm—l,?’m’ |ﬁ]z = 05 'a‘f’m—-l,zm s
0= apoy + -0 + OOy _10m T+ * 0+ Qoms o —o@om—y,om

Applying the Laplace operator 4 to the function |8, we get 4( 8[) = 8d(|5[")
and therefore

f A08Py.= f oGy -

By means of (2.5) and (2.9), the above relation becomes

1

ST sz(ﬁ)]fi :

—% Bf (N, d(|BF)T = J [(.B,Aﬁ) —PBE +
which takes the form, due to (2.1),
1 2\ 2 2 2 sz(‘B)
3.7 EBfuv, D Mf[—zdm 57 + 17pP — 5 2By

By virtue of (3.5) and the relation dS = 0, a consequence of (3.2), from
(3.7) it follows that

(.9) | %J(N,(dlﬁlz))ﬁzl![— 168F + 2mk| 8Py .

For a harmonic 2-forni « tangential or normal to the boundary B, formula
(2.5) becomes [10, pp. 435-436]

1 1
f(dlalz) = —Paf + SQda) ,
from which we get
Ham=t(af) = ~lapmiPal + laP" Qi)

or
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2 flabr2aqapyy = [ [=larm1Paf + Hatm0,@]y
M M
which together with (3.4) gives

—mf[a|2m‘2A(|a|2)7 > f[2m|a|2m-2|17a|2 + 4m@m — Dk|ap
3'9 M M

(3.9) 16 .

— Tm(1 — K)dlaf™* |y

It is well known that the following relation holds:
Al(e)"] = mlaf""*M|af) — m(m — D]af™ *d(«f))*,
which implies the inequality

Al < mlaf™24(al) ,
or

(3.10) [awepiy < [miap=-agapyy .
M M
By means of (2.9), the relation (3.10) takes the form

(3.11) f (N, dl(aP)™D7 > —fmlalz’"'zd(lalz)v .

B

From (3.9) and (3.11) follows immediately the inequality

f(N |a12m 2d(af))y > f[mm Pl — (1 — B)5|afn-
(3.12)
+202m — 1)k|oz|z"”]7

By means of the inequality

(3.19 opp < =D = D) g g s

m’mZ

proved in {8], from (3.8) we obtain

202m _’";")( o f ™. d(pryr = [[-ratiar-

) 2mm—1 )
T Gm = Dom — 1) "Bl]”'

(3.14)
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Thus addition of (3.12) to (3.14) gives readily

% f 3N, mm2d(|BP) + 2m — 1)(m — Djafmd(ap)y

> f 203@2m — 1%(m — Dk|af™ — 42m — 1)(m — DA — ks|af™

4 3mmik| Pl
or
| S R R R S
B
(3.15) + @2m — D(m — Djapm*(Fa, )N, (h < i)y

> f 2[32m — 1¥(m — Dk|af™ — 42m — D(m — Dk — 1)8|afm?

+ 3km™ ' |BFly .

If the harmonic 2-form « is tangential to B, then by means of (2.10), dao = 0
and dp = 0, (3.15) becomes

f3H1:j[2mm—IEi‘izn-izmﬁjiT“igm, (iz < ot <i2m)
B

202m — 1)(m — D|af™ @t @i ]y
(3.16) + 2 X Nafm*at; @’* 7y

> f 2032m — 1)%(m — Dk|af™ — 42m — 1)(m — 1)8|afm-

+ 3km™ ' |Bly .
We can prove with the same technique as in [8] that if & satisfies the inequality
(B.17) k> 1=22m — 1)(m — 1)Y’m/[m(m — 1)(2m — D@m —5) + 3],

then the second member of (3.16) is positive. Hence we have the following
theorem and corollary.

Theorem I. Let M be a compact k-pinched Riemannian manifold of dimen-
sion n = 2m + 1 with boundary B. If k > 2, given by (3.17), and the second
fundamental form on the boundary is semi-negative, then the second absolute
Betti number A, of the manifold vanishes.

Corollary 1. For a compact k-pinched Riemannian manifold M of dimen-
sion n = 2m + 1 with a totally geodesic boundary, A, = 0 if

k>22m — D)(m — 1Y’m/[m(m — D)2m — 1)(8m — 5) + 3] .
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If the harmonic 2-form « is normal to B, then by means of (2.11) and da
= 0, (3.15) takes the form

f 6{m™ (7 oy .niy B m N,
B

+ HYIm™ B, . B+ (2m — 1)(m — D)]af™%a,,a"]
- Hij[(zm — l)mm—lﬁiig...im
+ @2m — D)(m — Dja™@a’l}y, (G <i<--- <ipp)

'Bjia...izm

(3.18)

> fz[s(zm — 10%m — DkjaP™ — 42m — 1)(m — 1)k — 1)3]|apm-

+ 3km™~1 81y .
Denote the following quadratic form by L(a, a):
L(Cf, (I) = mm—I(Vhﬁhiz.”izm)‘B”T"iszl
+H4Y[m™ 18, . Bim 4 2m — 1)(m — Diaf™ &, a"]
- Hij[(zm — l)mmnlﬁifg...i,m
+ 2m — )(m — D|af™ &a’] , 0 <iyp <--v <.

(3.19)

Bjia"-izm

Therefore from (3.18) and (3.19) we conclude the theorem:

Theorem II. Let M be a compact k-pinched Riemannian manifold with
boundary B. If k > 2 given by (3.17), and the quadratic form L(a, «) defined
by (3.19) is semi-negative, then the second relative Betti number R, of the
manifold (mod. B) is zero.

4. In this section we use the same technique as in § 3 to improve the num-
ber 4 if the dimension of the manifold is 5. By estimating the norm |§3[ at the
point P and using the inequality

2(AB + CD)* < A*(3B* + D% 4 C¥B? + 3D?
we obtain
“4.1) , |6 < S5iVallal?/2 .

By means of (4.1) and m = 2, the inequality (3.8) becomes
42 L (v, aqpmm = [[-17atiar + Skipels .
5 B M
Moreover for m = 2, (3.12) is reduced to

4.3) %J(N,|a|2d(|a|2))7) > Mf[mmvar _ _2_(1 — K)lal + 6k|a|“]1),
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which together with (4.2) implies

f (N, 6d(8P) + 15|afd(aP)y
> f[180k|oz|“ — 80(1 — k)s|af + 48k|BFly

or

f[6(17zﬁhiziai.).3hi2isi‘ N + 15|« (V0 )" N 17, (h <i, <i <1y

B

4.4)
> f[90k|a]“ — 40(1 — K8l + 24k|BFYy .

If the harmonic 2-form « is tangential to B, then (4.4) takes the form

f3Hij[8Biiaiailpji2iSi‘ + 10|a|26_¥faa'“2]ﬁ, .. (iZ < i3 <i4)
B
> f[90k|a|“ — 401 — K)S|al + 24k|8Ply .
M

If k¥ > 10/58, then the second member of the above inequality is positive.
Thus we obtain the following theorem and corollary.

Theorem III. Let M be a compact k-pinched Riemannian manifold of di-
mension 5 with boundary B. If k > 10/58 and the second fundamental form
on B is semi-negative, then A, = 0.

Corollary I1. For a compact k-pinched Riemannion manifold M of dimen-
sion 5 with a totally geodesic boundary, if k > 10/58, then A, = 0.

If the harmonic 2-form « is normal to the boundary B, then (4.4) becomes

[ 3B BN, + H(8BBos + 10]afa,a)
B

(4.5) — H, 24F 75 + 10jafa@)ly, (G <i <i)
> f[90k;a|“ — 40(1 — k)3|af + 24k|BFly .
M

From the relation (4.5) and the quadratic form
G(“’ Ct') = 8(thehizia‘i4)18”2i8“Nl + Hll(gpizfahﬁigiah + lolalzaiez’?iz)
(4-6) - Hij(24ziiai43jiah + lolalzaiaj)’
‘ G, <i <iy,
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we thus have

Theorem IV. Let M be a compact k-pinched Riemannian manifold of di-
mension 5 with boundary B. If k > 10/58 and the quadratic form G(a, e)
defined by (4.6) is semi-negative, then the second relative Betti number R, of
the manifold M (mod. B) vanishes.

5. If the boundary 0M = B = ¢ and the dimension of the manifold is 5,
then from the relation (4.4) we obtain the following theorem and corollary:

Theorem V. Let M be a compact orientable k-pinched Riemannian mani-
fold of dimension 5 without boundary. If k > 10/58, then H(M, R) = 0.

Corollary III.  If a compact orientable k-pinched Riemannian manifold M
of dimension 5 without boundary is homeomorphic to §* X S°, then k < 10/58.
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